A general asymptotic theory is developed to describe the acoustic response of heavily fluidloaded thin shells in the midfrequency regime between the ring and coincidence frequencies. The method employs the ideas of matched asymptotic expansions and represents the total response as the sum of an outer, or background response, plus an inner or resonant contribution. The theory is developed for thin shells with smoothly varying material and geometrical properties. First, a suitable background field is found which satisfies neither the rigid nor the soft boundary conditions that have been typically employed, but corresponds to an impedance boundary condition. The background field is effective throughout the midfrequency as well as the strong bending regimes. The corresponding inner or resonance field is also valid in the same range. The approach taken is to represent these fields as inverse power series in the asymptotically small parameter 1/kR, where R is a typical radius of curvature of the shell and k is the fluid wave number. The leading-order terms in the series differ in the inner and outer expansions, in such a way that the displacement tangential to the surface is negligible in the outer (background) region, but dominates the scattering near resonances. The resonances can therefore be associated with compressional and shear waves in the shell. A uniform asymptotic solution is derived from the combined outer and inner fields. Numerical results are presented for the circular cylinder and the sphere and comparisons are made with exact results for these canonical geometries. The results indicate that the method is particularly effective in the midfrequency range. The strong bending regime is also well represented, especially for cylindrical scatterers.
INTRODUCTION
It is both well known and intuitively clear that when a solid target, such as a metallic sphere, is subject to acoustic wave radiation in a fluid medium, such as water, the boundary condition on the scatterer surface may be accurately modeled by the so-called rigid condition for which the normal velocity is everywhere zero. However, it is also well established that the scattered field calculated by employing this boundary condition breaks down at or very near every in-vacuo resonant frequency of the scatterer. In physical terms, the coupling between the solid and the fluid is very strong in the vicinity of these resonances, and hence a submerged structure that is only weakly affected by a given excitation can in fact be subject to strong vibrations if the excitation frequency is at or close to one of its in-oacuo resonances.
In mathematical terms, the approximation based upon the rigid boundary condition is singular at the resonances. For separable geometries, such as the sphere and the cylinder, exact solutions exist from which the structure of these resonances can be examined in detail. The analysis for these simple shapes serves as a guide for the study of more complicated shapes and also as a numerical test for approximate theories and computational schemes.
These observations concerning the separation into background plus resonant contributions has generated a substantial literature over the past decade or so on what is referred to as resonance scattering theory (RST), • a good account of which may be found in the review article by Gaunaurd. 2 The main utility of RST seems to be as a diagnostic and interpretive procedure, whereby one can deconstruct the total response by subtracting out the background field, which is relatively easy to compute, so that one may then clearly identify any underlying resonances. It does not lend itself to a constructive approach whereby one could use the separation into background plus resonances to generate an efficient and relatively simple means of computing the total response. A procedure for doing this was recently described by Norris. 3 The method is based upon the use of matched asymptotic expansions and can be applied, in principle, to targets with nonseparable geometries and complicated material properties. The matched asymptotic approach 3 splits the total field into the background, plus a sum of resonant contributions. The form of the background response comes out naturally from the asymptotic scaling, where the small parameter in the asymptotic expansion is the impedance ratio. In this approach the "outer" solution is the response sufficiently far away from a given in-oacuo resonance, while the "inner" solution is the rapidly varying response in the thin boundary layer region surrounding a resonance. The total response is a combination of the two solutions and displays, as a function of frequency, the general form of a smooth background or The connections between these results will be addressed later in the paper.
The objective of this paper is to describe a rational approach for approximating the total response from heavily fluid-loaded thin shells. The methodology is similar to that of Norris, 3 which addressed only the case of scattering by solid targets, and for reasons mentioned above cannot be adapted to thin shells without major modifications. These modifications are described in detail in this paper. We begin in Sec. I with the general equations for an arbitrarily curved, smooth inhomogeneous thin shell. The outer or background field is derived and discussed in Sec. II, where the response is assumed to be a regular asymptotic series in inverse powers ofkR. The form of this series is motivated by the observation that for frequencies between resonances the normal displacement is an order of magnitude greater than the in-surface displacements. Equating terms of like order leads to a boundary condition for the lowest-order pressure field which includes bending effects. Solving for the lowest order as well as the next higher-order pressure field we find that One of the motivations of the present work is to demonstrate that the response from thin shells can be profitably split into background and resonant parts, and that the determination of each of these separately is far less complicated than the solution of the total problem as a whole. In practice, the internal resonances can be very sharp, and any numerical procedure which does not take them into account explicitly may either give an incorrect amplitude or miss the resonance entirely. The theoretical development in this paper addresses among other topics the question of a suitable background field for thin shells. s-"• It will become clear that the background response is far simpler to compute than the full re-sponse, since it amounts simply to an effective impedance condition in the midfrequency range. Before commencing, we should mention some related works in the large literature on acoustic scattering by shells which have some bearing upon the present approach. Among these are the reviews of Gaunaurd and Werby • • and Muzychenko and Rybak, 12 the latter being mainly a survey of the Russian literature. In a recent paper, Prikhod'ko •3 attempted to implement an asymptotic approach with the small parameter being the geometrical ratio of shell thickness to radius. The background field was identified as the one satisfying a soft boundary condition, which clearly cannot provide a suitable approximation except at very low frequencies (see Fig. 1 ). An interesting but more ad-hoc approach to describing the acoustic response of thin shells can be found in the papers by 
where the fixed length R is a typical radius of curvature of the surface, c is the acoustic sound speed, andp is the inviscid fluid's density. These dimensionless parameters will be used for the remainder of the paper; however, to simplify notation we drop the carats. Thus, to convert back to dimensional variables, one simply multiplies p by pc :• and the shell displacements by R. The acoustic pressure p ( x, t) satisfies the wave equation
in the infinite region exterior to the shell's surface S. In Eq.
(2) and subsequent equations, the subscript t indicates the derivative with respect to time. The pressure may be decomposed into incident and scattered fields, but at this stage we will not distinguish between these separate parts of the total response. The remaining boundary condition requires that and by many others over the years. These equations are unique in the sense that they are the simplest set which describe the motion of arbitrarily curved shells and at the same time include both flexural and membrane effects. •8 The theory developed in this paper is in no way limited to these equations, but could be easily adapted to any linear set of shell equations; however, we choose to concentrate on these particular ones because they exhibit all the essential physics of the problem.
II. THE OUTER SOLUTION

A. The effective boundary condition
We now develop asymptotic approximations to the full set of boundary conditions in the limit of large kR. This choice of the asymptotic parameter is quite distinct from the ratio of acoustic impedances which turned out to be the natural parameter for solid targets, 3 and is independent of the geometrical parameter defined by the ratio h/R. However, it leads quite directly to scalings which define inner and outer solutions in the same way that the impedance ratio did for the solid target. 3 In practice, as demonstrated by the numerical examples, the fact that a high-frequency asymptotic method is employed to split the solution into outer and inner parts does not mean that we are restricted to large values of kR, but rather to values for which kR = O( 1 ) or greater.
We first summarize some results, that will be derived in a more rigorous fashion later, but are useful at this stage to understand the different physical effects and associated frequency ranges. It helps to distinguish two separate frequency regimes: first, the frequency range from kR = O( 1 ) to slightly below coincidence is referred to as the midfrequency regime; while the range above and beyond this is called the strong bending regirne.•4 In the midfrequency regime, the inertial effects of the shell dominate the elastic effects to first order over most of the frequency range, i.e., bending wave effects are small. This property is characteristic of the midfrequency range, as we will see. Bending or flexural wave effects become significant, if not dominant, in the higher frequency range, or the strong bending regime, 's which starts roughly at the coincidence frequency oc defined by kcR = C/Cp13. Thus, in the midfrequency region, the condition (5) can be approximated simply by (kR)2w = rip.
Equation ( The motivation behind the scaling in (12) comes from a ray theory type of ansatz for each of the quantities on the righthand side (rhs). Specifically, we assume that they depend upon the "fast" shell coordinates 0 • = fl0,. We are not directly interested in applying the ray theory here, but use it purely as a basis for the scaling employed. In particular, each surface derivative of any of these physical quantities implies a magnification of order kR. Several explicit ray treatments of acoustic scattering from canonical thin shells are available, •94• and we refer to these papers for further details on ray applications.
Equation ( This may be solved using the Green's function for the exterior Helmholtz equation subject to the boundary condition (9). The Green's function will be discussed later. In principle, this regular asymptotic perturbation procedure can be iterated to find the successively smaller terms, providing that the iterative process converges. However, it is clear that the iteration must break down at the membrane resonance frequencies. These are defined as the frequencies at which (17) has a solution for zero forcing on the rhs. These homogeneous equations do not involve the normal displacement (w = 0) and hence the modal solutions correspond roughly to in-surface compressional and shear waves, quite distinct from bending wave type of solutions. These are membrane modes, in the terminology of shell theory.
•6 The generic structure of the asymptotic expansion therefore breaks down at or near these membrane resonance frequencies, implying that a different assumption on the form of the total response is required locally in the frequency domain. We call this, by analogy with boundary layer theory, the inner solution, and the solution just discussed is the outer solution. The full solution comprises both the inner and outer parts, and will be derived once the form of the inner solution has been determined. First, it is useful to define some quantities associated with the membrane modes.
C. The membrane modes
The breakdown of the outer solution is apparent if the solution to (17) (25) The quantityf (,") is an inner product of interior or surface stress with the curvature tensor, and vanishes wherever either the curvature is zero (locally flat) or where the membrane stresses are zero. Note that although the mth mode is normalized according to (21 ), it is assumed to be a ray-type solution, which implies that the surface functionf (,"• is of order (kR). As mentioned before, ray theory is not used here to determine the modes explicitly, although that could certainly be done; our only purpose is to estimate the order of magnitude of terms in the asymptotic scheme. This is a rather unusual application of ray theory, but is not unknown in applications to the vibrations of shells. Gol'denveizer :3 and others •4 have used ray-type ansatzes to simplify the general shell equations, although the precise scaling considered here does not seem to fall into Gol'denveizer's classification. •3':4
The fundamental consequence of the modal expansion (24) at this stage is that it clearly shows how the outer solution blows up at each and every membrane modal frequency. Specifically, this happens to the next term in the scattered pressure, since it follows from (19) and (24) 
III. THE RESONANT CONTRIBUTIONS A. The inner solution
The breakdown of the outer expansion is due to the fact that it allows the in-surface vibration to become unbounded.
There is no feedback between the forcing of the leading-order approximation and the displacements v "(ø), which are explicitly assumed to be small in magnitude. In order to alleviate this shortcoming we propose an inner solution valid near the membrane resonance frequencies. Thus, near the resonance frequency cs,. we assume instead of (12) 
We have replaced o• by co., in the left member of (28), since the difference is assumed to be relatively small, but the difference is retained in the right member in order to arrive at a frequency-dependent expression for .4. Equation (28) 
A further approximation may be made, which is entirely consistent with the high-frequency assumption, by removing the frequency dependence in the ratio (ct.,•/co •) by evaluating its magnitude at co = co.,. This is justified by the weak dependence of a., on frequency, about which we will say more later. Thus 
Comparing these equations with (20), we see that the difference is associated with a term of order • 2, which is small by assumption. A regular perturbation analysis of (50) shows that the modal frequencies are shifted from those of (20) according to 112_, 112 + O( 1 ). This is entirely consistent with the shift predicted by the uniformly asymptotic theory, viz., Eq. (46). Before proceeding to the examples, we mention that it is possible to improve upon the impedance condition (9) by the introduction of a modified impedance, which is described in Appendix C.
V. EXAMPLE: THE CYLINDRICAL
SHELL
The theory outlined in the previous section will now be applied in detail to the specific example ofa circularly cylindrical thin shell of infinite extent. The case of a thin spherical shell is discussed in the next section. For both of these canonical geometries, it is possible to compare the asymptotic solution with exact analytical solutions for the scattered field, thereby providing some general understanding of the range of validity of the asymptotic method. Numerical comparisons will be discussed in See. VII. The shell theories employed in each of the cases considered are consistent with the original equations, (4) and (5), upon which the theory is based. We reiterate that this does not imply that the asymptotic theory is restricted to this class of shell theories.
A. Equations of motion for the cylindrical shell
We consider a uniform thin cylindrical shell of radius R, thickness h and we introduce cylindrical polar coordinates r,O,z. For the purposes of simplicity, we consider the case of broadside incidence thus eliminating the z dependence from the shell equations. The two pertinent rescaled shell equa- 
1•--• +am Hm(kR)
The only difference between (71) and (72) is that in the uniform approximation the denominator contains •m whereas in the exact solution the associated frequency-dependent parameter arn appears. We therefore see that the asymptotic solution has a very similar analytical form to the exact solution. Before discussing numerical comparisons, we turn first to the case of the sphere.
VI. EXAMPLE: THE SPHERICAL SHELL
A. Equations of motion
The shell radius is R, with surface r = R in spherical polar coordinates (r,O,•). We assume that the shell is subject to plane-wave incidence in the direction 0 = 0 so that there is no dependence upon the azimuthal angle •. Only one insurface component is zero, the one associated with 0 and we denote it by v. Let/• =-cos 0 and v be the Poisson's ratio, then the two shell equations follow from (4) and (5) 
Near resonance, the difference (112 -112, ) is of order unity and therefore the quantity X,, is asymptotically small, of order l/f/2. The complex-valued parameter a n is of order unity, and therefore the difference between the exact and uniformly asymptotic solutions is indeed asymptotically small for the spherical shell. In closing this section, we note that Eqs. (72) for the cylinder and (95) for the sphere are apparently the first instances in which the resonant scattering from a thin shell has been explicitly decomposed into a classical resonant form, i.e., the background p(o) plus the resonant terms. Previous attempts along these lines invariably used an incorrect form for the background, which inevitably leads to an incorrect form for the resonant terms.
VII. NUMERICAL RESULTS AND DISCUSSION
The numerical results presented here are for cylindrical and spherical steel shells in water such that the radius to thickness ratio is always R/h = 90. We first discuss the numerical results for the cylindrical thin shell. All the results presented here correspond to model I, i.e., all the quantities in the resonant terms in (71 ) are fully frequency dependent, except a,• which is evaluated at w = to,, according to (38) and (39). The exact and asymptotic results are shown together in Fig. 2 , from which we note generally good agreement except at low frequencies and at an apparently spurious resonance close to kR = 75. The lack of accuracy at low frequencies, i.e., less than about twice the ring frequency, is not surprising since the asymptotic theory is based upon a high-frequency ansatz. However, the spurious resonance is unexpected, but on closer examination it can be associated with a narrow, subcoincidence flexural resonance. This conclusion is verified by inspection of Fig. 3 which shows both the outer and total asymptotic responses, each of which displays a narrow resonance at the location of the spurious resonance. Hence, the appearance of the spurious resonance is due to the fact that the outer expansion exhibits resonance structure itself, and these resonances are due to flexural wave motion. There are many flexural modes over the midfrequency range but they have little or no effect upon the scattered response because they remain nonradiating until close to the coincidence frequency, above which they are radiating and we then have the so-called strong bending regime •4 (note that the actual transition from nonradiating to radiating is complicated by the presence of surface curvature, and has been discussed recently by Pierce •7 ). A major motivation behind the development ofthe present approach is the idea that the total scattering from a thin shell in the midfrequency range can be profitably split into physically and mathematically simpler constituents. In this theory, the two which fall out quite naturally are the outer response, which amounts to solving an impedance condition on the shell, and a contribution due to membrane resonances. The structural details are contained in the latter, through the mode shapes of the compressional resonances. The tasks involved in determining both constituents are indeed nontrivial, but together they are guaranteed to provide the correct form of the response near the frequencies of structural resonance. The same cannot be said of explicit methods which ignore the physics of the problem and may not fully capture the resonant response. The major difficulty with the proposed scheme is that it is essentially a modal method, and therefore requires determining all possible membrane modes in the frequency range of interest. This in itself may be a very formidable task for large structures, since the number of modes which may contribute can increase very rapidly. Some techniques will probably be required to filter out those modes which will not contribute significantly, see Refs. 26, 3 for instance, for preliminary attempts along these lines. Statistical approaches to classifying both the density of modes :7 and the modal shapes :8 will also be very useful, if not essential, for considering large and complex structures.
ACKNOWLEDGMENTS
This work was supported by the Office of Naval Research, and has profired from discussions with Professor Allan Pierce, to whom we are grateful. Detailed comments from a reviewer are also appreciated. Computational support from the Pittsburgh Supercomputing Center is also acknowledged. integrals on S and the surface at infinity, implies the identity
